Abstract. Primordial magnetic fields that exist before the photon-baryon decoupling epoch are damped on length scales below the photon diffusion and free-streaming scales. The energy injected into the plasma by dissipation of magnetosonic and Alfvén waves heats photons, creating a y-type distortion of the black-body spectrum of the cosmic microwave background. This y-type distortion is converted into a µ-type distortion when elastic Compton scattering is efficient. Therefore, we can use observational limits on y-and µ-type distortions to constrain properties of magnetic fields in the early universe. Assuming a Gaussian, random, and nonhelical field, we calculate µ and y as a function of the present-day strength of the field, B 0 , smoothed over a certain Gaussian width, k −1 c , as well as of the spectral index of the power spectrum of fields, n B , defined by P B (k) ∝ k n B . For a nearly scale-invariant spectrum with n B = −2.9 and a Gaussian smoothing width of k −1 c = 1 Mpc, the existing COBE/FIRAS limit on µ yields B 0 < 40 nG, whereas the projected PIXIE limit on µ would yield B 0 < 0.8 nG. For non-scale-invariant spectra, constraints can be stronger. For example, for B 0 = 1 nG with k −1 c = 1 Mpc, the COBE/FIRAS limit on µ excludes a wide range of spectral indices given by n B > −2.6. After decoupling, energy dissipation is due to ambipolar diffusion and decaying MHD turbulence, creating a y-type distortion. The distortion is completely dominated by decaying MHD turbulence, and is of order y ≈ 10 −7 for a few nG field smoothed over the damping scale at the decoupling epoch, k d,dec ≈ 290 (B 0 /1 nG) −1 Mpc −1 . This contribution is as large as those of the known contributions such as reionization at a redshift of z ≈ 10 and virialized objects at lower redshifts. The projected PIXIE limit on y would exclude B 0 > 1.0 and 0.6 nG for n B = −2.9 and −2.3, respectively, and B 0 > 0.6 nG for n B ≥ 2. Finally, we find that the current limits on the optical depth to Thomson scattering restrict the predicted y-type distortion to be y 10 −8 .
Introduction
The cosmic microwave background (CMB) is a nearly perfect black body [1] [2] [3] . The thermal spectrum observed today is the result of its continuous evolution during the history of the universe. In the early universe, z 2 × 10 6 , a black-body spectrum is established by bremsstrahlung [4, 5] and double-Compton scattering [6, 7] . Subsequent injections of energy into the plasma in z 2 × 10 6 may distort the black-body spectrum [8] [9] [10] .
When energy is injected into the plasma after z ≈ 2×10 6 , heated electrons alter the photon spectrum via elastic Compton scattering. Unlike bremsstrahlung and double-Compton scattering, elastic Compton scattering does not alter the number of photons, and thus the equilibrium distribution of photons after energy injection is a Bose-Einstein distribution with a non-vanishing chemical potential, µ. The photon occupation number distribution is then given by n(x) = (e x+µ − 1) −1 , where x ≡ hν/(k B T ) is a dimensionless frequency of photons. If elastic scattering is not efficient enough for the equilibrium distribution to be reached, the distribution of photons takes on a y-type distortion [9, 10] or an intermediate form between µ-and y-type distortions [11, 12] , depending on the nature and epoch of energy injection.
Acoustic waves in the photon-baryon plasma before the photon-baryon decoupling epoch are damped on length scales below the photon diffusion scale (which is often called the "Silk damping scale") [13] [14] [15] . This damping injects energy into the plasma, creating a y-type distortion [16] [17] [18] . This process can also be understood as a superposition of black-body spectra with different temperatures [19, 20] . Recent calculations show that only 1/3 of the injected energy creates a y-type distortion, while the remaining 2/3 of the energy raises the temperature of photons [20] [21] [22] .
If magnetic fields exist before the decoupling epoch, they are similarly damped [23, 24] , creating µ-and y-type distortions [25] . After the decoupling epoch, magnetic fields are damped by different mechanisms (ambipolar diffusion and decaying magnetohydrodynamical (MHD) turbulence [26] ), again creating a y-type distortion. In this paper, we first reexamine the calculation of µ-and y-type distortions due to damping of magnetic fields in the predecoupling era (section 2). We then present the calculation of a y-type distortion as well as of the optical depth to Thomson scattering due to damping of magnetic fields in the postdecoupling era (section 3). Finally, we conclude in section 4. We use the best-fit cosmological parameters from the WMAP 9-year data only [27] for the numerical calculations presented in this paper.
2 Pre-decoupling era
Damping of primordial magnetic fields
While there is one acoustic (compressible) mode in a non-magnetized plasma in the early universe, there are three modes in a magnetized plasma. Two are compressible and are called "fast" and "slow" magnetosonic waves, while the other is incompressible and is called an "Alfvén" wave [23, 24] . Magnetosonic waves perturb the plasma density as well as the magnetic field, and are scalar modes in linear perturbation theory. An Alfvén wave perturbs the field but does not perturb the density, and is a vector mode in linear perturbation theory.
The evolution of these modes is rather complex, depends on the ratios of damping and driving terms, and is in general quite different from damping of acoustic waves in a nonmagnetized photon-baryon plasma. Nevertheless, the analyses given in Refs. [23, 24] provide a rather simple picture. For weak fields, the (time-dependent) oscillation frequency of the fast mode is given by ω = ±v s (k/a), where k is the comoving wavenumber; v s = 1/ 3(1 + R) is the sound speed of the photon-baryon plasma; R ≡ 3ρ b /(4ρ γ ) ∝ a; a is the Robertson-Walker scale factor; and ρ b and ρ γ are energy densities of baryons and photons, respectively. (We take the speed of light to be unity.) The fast mode damps in the same way as the acoustic wave in a non-magnetized plasma, and thus its damping wavenumber, k d , is determined by the inverse of the usual photon diffusion scale, k γ ; namely, the fast mode is damped by an exponential factor of exp(
Here, l γ ≡ 1/(σ T n e ) is the mean free path of photons. In a deeply radiation-dominated era in which R ≪ 1, we have k −2 γ → (8/45) dt l γ /a 2 . The oscillation frequencies of the slow and Alfvén modes are equal to ω = ±V A cos θ(k/a) (up to the leading order in the field value), where θ is an angle between the wave vector and the field direction, and V A =B/ √ 1 + R is the Alfvén velocity with
Here, B 0 a 2 0 ≡ Ba 2 is the present-day field value assuming magnetic flux freezing. These modes also damp in a similar way as the fast mode, if their comoving wavelength is longer than l γ /(aV A cos θ). However, in the opposite limit in which their comoving wavelength is shorter than l γ /(aV A cos θ), these modes become over-damped and are nearly frozen. They survive damping until their comoving wavelength becomes comparable to l γ /a ≪ l γ /(aV A ). In this free-streaming regime, the slow and Alfvén modes with the comoving wavelength shorter than v A cos θ times the photon diffusion scale are damped, i.e.,
is the Alfvén velocity calculated during the radiation-dominated era (in which R ≪ 1). The longest comoving damping wavelength (i.e., smallest k d ) is given by that at the decoupling epoch, z = z dec = 1088. Modeling the recombination history following Ref. [28] and using the exact expression of the photon diffusion scale given in eq. (2.1), we find
for the best-fit ΛCDM model from the WMAP 9-year data only (see Appendix A for details).
The wavenumbers of the slow and Alfvén modes contributing to the observed µ-and y-type distortions are larger than this value. 1
Energy injection rate
We calculate the energy injection rate,Q, as a rate at which the field energy density changes due to damping of magnetosonic and Alfvén waves:
Let us define the comoving magnetic energy density, ρ B,0 , as 5) where the subscript 0 indicates the present time. In our units,
We assume that a field is a non-helical and Gaussian random field with the two-point correlation function in Fourier space given by 6) where the power spectrum, P B (k), is assumed to be a power law, P B (k) = A B k n B , with the amplitude, A B , and the spectral index, n B . As the energy density of fields, ρ B,0 , is proportional to B 2 0 , the ensemble average of ρ B,0 is given by the power spectrum as
7)
1 Note that only the photon diffusion scale (the Silk damping scale) is important for distortions of the CMB spectrum. In the evolution of a primordial magnetic field, neutrino decoupling marks another important epoch for damping of a field. Similarly to photon free-streaming, neutrino free-streaming damps magnetosonic and Alfvén waves, injecting energy into the plasma. The corresponding damping scale is given in Ref. [24] . However, neutrino decoupling takes place at z ∼ 10 10 , at which time the elastic as well as double-Compton scattering is very effective, and a black-body spectrum is restored. Therefore, an energy injection due to dissipation of a field by neutrino free-streaming does not cause any observable distortion of the CMB spectrum.
where k c is a certain Gaussian smoothing scale. Using ρ B,0 instead of A B,0 , we write the present-day power spectrum as
The "scale-invariant" case corresponds to n B → −3, in which the contribution to the energy density per logarithmic wavenumber, d ln ρ B,0 /d ln k ∝ k 3 P B,0 (k)e −2(k/kc) 2 , is independent of wavenumbers (up to smoothing). Spectral indices of fields generated during inflation are usually negative [29] , whereas they are positive for fields generated by causal processes such as the electroweak phase transition [30] [31] [32] [33] [34] [35] [36] . Moreover, in the latter case n B has to be an even integer and n B ≥ 2 [37] . For the calculation of the energy injection rate,Q = −a −4 d(ρ B a 4 )/dt, we take the smoothing scale to be the damping scale, k d , and obtain
(2.9)
The energy injection rate is thus found to be dQ dz A ≃ 2.6 × 10 3 (1 nG/B 0 ) for the slow and Alfvén modes. 2 For n B ≥ −3, the energy injection rate by dissipation of the slow and Alfvén modes is greater than that of the fast mode. As we consider only n B ≥ −3 in this paper, we shall use α = v
−1
A for the rest of this paper. Finally, we shall assume energy equipartition of the fast, slow, and Alfvén modes, which will introduce an additional factor of 2/3 to eq. (2.10). Note that this is a non-trivial assumption: if, for some reason, the slow and Alfvén modes are highly suppressed relative to the fast mode, our analysis does not apply.
Deep inside the radiation-dominated era, z ≫ z eq = 3265 [27] , the photon diffusion scale is well approximated by k −2 γ = A 2 γ z −3 with A 2 γ = 5.9807 × 10 10 Mpc 2 for the best-fit parameters from the WMAP 9-year data only (see Appendix A for details). The energy injection rate thus becomes (after multiplying eq. (2.10) by 2/3 for equipartition)
For n B < −7/3, the energy injection rate decreases with redshifts; thus, the largest contribution comes from the lowest redshift under consideration. For n B > −7/3, the largest contribution comes from the highest redshift under consideration, i.e., z ≈ 2 × 10 6 , above which the distribution becomes a Planck distribution.
CMB distortions
There are three main processes determining the final CMB spectrum: elastic Compton scattering, double Compton scattering, and bremsstrahlung. Ref. [6] finds that double Compton scattering dominates over bremsstrahlung in the relevant epoch. At z 2 × 10 6 , double Compton scattering is efficient and photons have a Planck distribution. At z 2 × 10 6 , double Compton scattering is no longer efficient enough to erase signatures of energy injection. However, as long as elastic Compton scattering is efficient, the distribution approaches a Bose-Einstein distribution with a non-vanishing µ. This is the so-called "µ-era," which occurs between redshifts of 5 × 10 4 z 2 × 10 6 [38] . (Strictly speaking, the distortion takes on an intermediate form between µ-and y-type distortions in 1.5 × 10 4 z 2 × 10 5 [11, 12] , but we shall ignore this subtlety.) During the subsequent "y-era," elastic Compton scattering is no longer efficient and the photon spectrum cannot relax to a Bose-Einstein distribution; thus, the distortion remains a y-type.
The time evolution of µ is determined by [39] 
where a factor of 1/3 in the second term accounts for a recent finding that only 1/3 of the energy injection contributes to spectral distortions [20] [21] [22] . 3 Here, t DC is the time scale for double Compton scattering,
For z < z 2 , elastic Compton scattering is no longer effective, and thus the distortion remains a y-type. The Compton y-parameter is given by [21] y = 1 12
where z dec = 1088 is the decoupling epoch [27] . In this era the universe is matter-dominated, and we use the full expression for the photon diffusion scale with the recombination history given by Ref. [28] . We shall discuss the post-decoupling contributions separately in section 3.
Results
There are three free parameters: the present-day field value, B 0 , smoothed over a certain Gaussian width of k −1 c , and the spectral index, n B . Among these, n B and k c should be determined by a mechanism by which fields are generated. 4 For fields generated during inflation, k c can take on any values, while n B required to produce strong enough fields on cosmological scales is usually negative. The correlation length of fields generated by causal processes such as a phase transition should be determined by the horizon size of the relevant phase transition (QCD or electroweak), while n B is positive and causality requires n B to be even integers with n B ≥ 2 [37] .
For numerical calculations we use Y P = 0.24 and Ω b h 2 = 0.02264 [27, 40] . We find that the COBE/FIRAS limit, |µ| < 9 × 10 −5 [3] (blue dotted lines), yields B 0 < 40 nG for a nearly scale-invariant spectrum, n B = −2.9. The projected PIXIE limit, |µ| < 5 × 10 −8 [41] (red dot-dashed lines), would yield an order of magnitude stronger constraint, B 0 < 0.9 nG, for n B = −2.9. For non-scale-invariant spectra, n B > −2.9, the constraints are much stronger. For example, the COBE/FIRAS limit and the projected PIXIE limit yield B 0 < 0.4 and 10 −2 nG, respectively, for n B = −2.2. For n B ≥ 2 expected from phase transitions, the largest B 0 allowed by the COBE/FIRAS limit is of the order of 10 −11 nG, which can be improved to 3 × 10 −13 nG using PIXIE.
µ-type distortion
The left panel of figure 2 shows how sensitive the inferred values of B 0 are to the assumed values of k c for n B = 2. For example, the projected PIXIE limit is satisfied for, say, B 0 = 1 nG, as long as k c > 3 × 10 7 Mpc −1 , or a present-day smoothing width of < 0.2 pc. Figure 3 shows the same for n B = −2.9 (left panel) and −2.4 (right panel).
The right panel of figure 2 is more interesting. It shows which pairs of (B 0 , n B ) are allowed for a given value of k c = 1 Mpc −1 . We find B 0 < 10 −4 nG for n B > −2.0 from the COBE/FIRAS limit. On the other hand, for B 0 = 1 nG, the COBE/FIRAS limit excludes n B > −2.6. Both limits can be improved significantly by PIXIE. 
y-type distortion
Next, we calculate the y-type distortion due to dissipation of slow magnetosonic and Alfvén waves using eq. (2.17). Comparing figures 4 and 1 (also see figure 6 ), and the left panel of figure 5 and the right panel of figure 2 (also see figure 7 ), we find that constraints on the parameters of primordial magnetic fields from the y-type distortion is much weaker than those from the µ-type distortion for non-scale-invariant spectra, n B > −3. The reason is simple: as the y-type distortion is created by energy injection at lower redshifts, z 5 × 10 4 , the damping wavenumber for the y-type distortion is much smaller than that for the µ-type distortion. As a result, the dissipated magnetic energy creating the y-type distortion is much smaller than that for the µ-distortion for non-scale-invariant spectra, n B > −3. For a scale-invariant spectrum, such a change in the damping wavenumber does not affect the result much, and thus y-and µ-type distortions are equally powerful for constraining the parameters of primordial magnetic fields.
Post-decoupling era
After the decoupling epoch, there are two processes by which the magnetic field can dissipate energy into the intergalactic medium. Firstly, there is ambipolar diffusion which arises due to the existence of a remnant ionized component in the nearly completely neutral plasma after decoupling. Secondly, non-linear effects can lead to decaying MHD turbulence. In this section, we shall follow Sethi and Subramanian [26] to compute heating of the intergalactic medium (IGM) due to dissipation of fields via ambipolar diffusion and decaying MHD turbulence, and then compute the y-type distortion from inverse Compton scattering of CMB photons off those heated electrons in the IGM.
Ambipolar diffusion
Ambipolar diffusion has its origin in the velocity difference between the neutral and ionized components of matter due to the Lorentz force only acting on the ionized component. The ionized components that are accelerated by the Lorentz force share their kinetic energy with the neutral components via ion-neutral collisions, heating the IGM. Therefore, the energy in magnetic fields is dissipated into the IGM, as the velocity difference between ionized and neutral components is damped by the collisions. The volume rate of energy dissipation due to ambipolar diffusion is proportional to the average Lorentz force squared, and is given by [26] 
where ρ n , ρ i , and ρ b are the energy densities of neutral hydrogen, ionized hydrogen, and the total baryons, respectively, and γ is the coupling between the ionized and neutral component given by γ ≃ σv H + ,H /(2m H ), where σv H + ,H = 0.649 T 0.375 × 10 −9 cm 3 s −1 [42] .
In the Lorentz force, L = ( ∇ × B) × B, the derivative operator is defined with respect to the proper coordinates. The flux freezing thus gives a strong redshift evolution of the Lorentz force, L ∝ (1 + z) 5 . Recalling ρ n /ρ i ∝ (1 − x e )/x e and ρ b ∝ (1 + z) 3 , we find that the energy dissipation rate via ambipolar diffusion evolves as Γ in ∝ (1 + z) 3.625 (1 − x e )/x e when the matter temperature goes as T ∝ 1/a, and ∝ (1 + z) 3.25 (1 − x e )/x e when T ∝ 1/a 2 . On the other hand, as we shall show later, the energy dissipation rate via decaying MHD turbulence evolves as Γ decay ∝ (1 + z) 11/2 (see eq. (3.6)); thus, the ambipolar diffusion dominates at lower redshifts. If velocities can still be treated as linear perturbations, the baryon velocity in the standard ΛCDM model is a scalar mode. Therefore, the velocity differences between the ionized and neutral components are determined by the corresponding scalar mode of the Lorentz force (e.g., [43] ):
where
In flat space, the scalar harmonics have the representation of Y ( k, x) = e i k· x . The power spectrum of magnetic fields can be used to find the corresponding power spectrum of
In Ref. [43] , P L (k) has been calculated using a Gaussian damping with a width of k −1 d as in section 2. The average Lorentz force is then given by where
kq . This can be written in terms of B(z) and
In Refs. [42, 44] the average Lorentz term has been approximated by B 4 /l 2 d . In figure 8 , we show the ratio of the average Lorentz term calculated from eq. 
Decaying MHD turbulence
Turbulent motion in the plasma is suppressed before the decoupling epoch due to a large radiative viscosity. However, it is no longer suppressed after the decoupling epoch, and the Reynolds number becomes very large. On scales smaller than the magnetic Jeans length, non-linear mode interactions transfer energy to smaller scales, dissipating the magnetic field on larger scales and inducing MHD turbulence to decay.
One can use results of numerical simulations of MHD turbulence in flat space to calculate the evolution of magnetic fields in an expanding universe, by rescaling variables [45, 46] . The estimated decay rate for a non-helical field in the matter-dominated era is given by [26] 
where B 0 is again the present-day field value assuming a flux freezing; m is related to the magnetic spectral index as m = t i are the redshift and time at which dissipation of the magnetic field due to decaying MHD turbulence becomes important. We use z i = z dec = 1088 [27] . Ignoring a logarithmic dependence on 1 + z, we find that the energy dissipation rate via decaying MHD turbulence evolves as Γ decay ∝ (1 + z) 11/2 , which is faster than that of ambipolar diffusion (see eq. (3.1)). Therefore, we expect dissipation via decaying turbulence to dominate in early times.
Results

Evolution of electron temperature and ionization fraction
The evolution of the electron temperature is determined by [26] 
where Γ = Γ in for ambipolar diffusion; Γ = Γ decay for energy dissipation due to decaying MHD turbulence; and Γ = Γ in + Γ decay when both are included in the calculation. The evolution of the ionization fraction, x e , is not directly affected by magnetic fields, but it is indirectly affected by changes in T e (i.e., higher T e gives more collisional ionization in the IGM). The system of equations determining the thermal and ionization history of the universe has been solved in the absence of magnetic fields [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] . We have modified a public code RECFAST++ 5 , which is the C version of RECFAST 6 with some improvements, by including Γ in and Γ decay in the evolution equation of T e . Figure 9 shows the evolution of electron temperature with and without dissipation of magnetic fields. The left and middle panels include the contribution of either ambipolar diffusion or decaying MHD turbulence, respectively, and the right panel includes both contributions. Compared with non-magnetized case (the bottom black solid line in each panel), we find that dissipation of magnetic fields raises the electron temperature by many orders of magnitude. Ambipolar diffusion and decaying MHD turbulence heat the gas at different epochs: the former is important at z 100 while the latter is important at z 100. This is consistent with our expectation based on how the energy dissipate rate evolves: Γ in ∝ (1 + z) 3.625 (1 − x e )/x e for T ∝ 1/a and (1 + z) 3.25 (1 − x e )/x e for T ∝ 1/a 2 , and Γ decay ∝ (1 + z) 5.5 .
When both contributions are included, we find that the temperature is raised at roughly all redshifts. For B 0 = 3 nG, we find that the temperature is raised up to about 2600 K, which is only a factor of about four lower than a typical temperature of photo-ionized gas (10 4 K).
We also find that the dependence of the temperature on n B is opposite for ambipolar diffusion and decaying MHD turbulence. For ambipolar diffusion, the larger the spectral index n B is, the higher the temperature becomes, while the opposite happens for decaying MHD turbulence. This is because of the scales at which dissipation occurs. For ambipolar diffusion, small-scale fields are dissipated. For decaying MHD turbulence, energy in largescale fields is transferred to small scales and dissipates. Mathematically, Γ in is proportional to the Lorentz force squared, which is proportional to B 4 with a factor of k 2 via spatial derivatives, whereas Γ decay is proportional to the energy density of fields, B 2 . Figure 10 shows the evolution of ionization fraction, x e . For B 0 = 3 nG, the ionization fraction can reach of order 10 −3 or more, which is an order of magnitude greater than x e without dissipation of magnetic fields. The dependence of x e on n B is also similar to that of T e . An important implication of this calculation for the ionization history of the universe is that there can be a significant, of order 0.1%, ionization even at z ≈ 100. Dissipation of magnetic fields plays only a sub-dominant role at z 10, in which the ionization fraction reaches unity by reionization of the universe by first stars. The rate of energy dissipation due to ambipolar diffusion is proportional to B 4 0 (see eq. (3.1)) and that due to decaying MHD turbulence is proportional to B 2 0 (up to logarithmic dependence; see eq. (3.6)). Therefore, we would expect a strong dependence of T e and x e on B 0 . Figure 11 shows that T e and x e depend sensitively on B 0 ; however, T e at z 100 does not increase by going from 2 nG to 5 nG. This is because the plasma cools efficiently by the inverse Compton scattering of the CMB photons off electrons at high redshifts, and thus the temperature cannot rise indefinitely.
y-type distortion
We calculate the y-type distortion using
where z i = z dec = 1088 [27] and z 0 = 10 −4 . Figure 12 shows the predicted y values for −2.9 ≤ n B ≤ 0 (left panel) and 2 ≤ n B ≤ 9 (right panel). There are two important results. First, the predicted values of y are quite sizable, y ≈ 10 −7 , for a few nG fields. These values are comparable to the contributions from virialized halos in z 5 via the thermal Sunyaev-Zel'dovich effect, y tSZ ≈ 1.7×10 −6 [57] , and the reionization of the universe at 5 z 10, y reion ≈ 1.5 × 10 −7 . (The latter contribution is given by y ≈ τ k B T e /(m e c 2 ) ≈ 1.5 × 10 −7 for τ = 0.09 [27] and T e = 10 4 K = 0.862 eV.) Second, the predicted values of y are insensitive to n B for n B −2 and depend only weakly on n B for −2.9 ≤ n B −2. This is because most of the y-type distortion is generated in early times, z 100, when the electron density is high (i.e., n e ∝ x e (1 + z) 3 ) and the contribution from decaying MHD turbulence completely dominates over that from ambipolar diffusion. For a given field strength B 0 , the energy injection from decaying MHD turbulence depends on n B only via m = 2(n B + 3)/(n B + 5) (see eq. (3.6)), which varies slowly with n B unless n B is close to −3. For all cases, a present-day magnetic field of B 0 = 3 nG is assumed. Figure 13 shows the contributions to the integrand of y in eq. (3.8) , that is, −dy/dz, for B 0 = 3 nG. The y-type distortion is completely dominated by decaying MHD turbulence for n B = −2.9 at all redshifts (see the left panel). As n B increases, the ambipolar diffusion contribution dominates at lower redshifts (see the right panel). However, dissipation via decaying MHD turbulence continues to be the dominant contribution at z 200 even for n B = 4. As the dominant contribution to the y-type distortion comes from high redshifts where the electron density is high, decaying MHD turbulence always dominates in y for all values of n B . We find that the COBE/FIRAS bound on y is satisfied for B 0 < 5 nG for all values of n B . The expected PIXIE bound, y < 10 −8 , would exclude B 0 > 1.0 and 0.6 nG for n B = −2.9 and −2.3, respectively. As the predicted magnitude of y is insensitive to bluer spectral indices, we find that the expected PIXIE bound on y would exclude B 0 > 0.6 nG for all values of n B ≥ 2.
Optical depth to Thomson scattering
As shown in figure 10 , heating due to dissipation of fields induces collisional ionization of the IGM. The optical depth to Thomson scattering resulting from this ionization, integrated from the present epoch to a given redshift z, is given by
The left panel of figure 14 shows τ (z) B 0 ,n B for B 0 = 3 nG, while the right panel shows the visibility function defined by g(z) ≡ dτ dz e −τ (z) . Strikingly, even a few nG field yields the optical depth to z ∼ 10 3 of order unity, which is clearly ruled out by the fact that we can still see the CMB temperature power spectrum at l 100. Therefore, the optical depth provides an additional constraint on the field strength [26] .
How much optical depth is allowed by the current CMB data? The large-scale polarization of CMB at l 10 constrains the optical depth up to z ∼ 20 (see, e.g., ref. [58] ), while the CMB temperature power spectrum at l 100 constrains the optical depth all the way up to the decoupling epoch. As almost all of the optical depth from collisional ionization due to dissipation of fields is generated at z ∼ 10 3 , the constraint from the temperature power spectrum is most relevant. However, the optical depth determined from the temperature power spectrum is correlated with the amplitude and tilt of primordial fluctuations. The recently-released Planck data are able to break this correlation between parameters, yielding τ = 0.089 ± 0.032 (68% CL) without using the polarization data [59] . On the other hand, WMAP's polarization data on large angular scales constrain the optical depth from reionization of the universe at z 20 as τ = 0.089 ± 0.014 [27] . Taking the 2-σ limits, the total optical depth may be as high as τ tot = 0.15, while the reionization optical depth may be as low as τ reion = 0.061. Therefore, one may still "hide" the optical depth of ∆τ ∼ 0.1 from a higher-redshift universe. 7 We calculate the additional contribution to the optical depth due to the presence of a large-scale magnetic field between the decoupling and present epochs as
(3.10)
For z dec = 1088, we find convenient numerical fits to our results: We also find numerical fits for the y-type distortion: 7 However, more thorough analysis is required if we wish to find precisely how much optical depth is allowed in a higher-redshift universe, as dissipation of fields shifts the peak of the visibility function to z ∼ 1000 from z = 1088 (see the right panel of figure 14) , delaying the epoch of decoupling. This can modify the CMB temperature power spectrum significantly. As both ∆τ and y are unique functions of n B and B 0 , there is a tight correlation between ∆τ and y. We show the correlations for n B < 0 and n B ≥ 2 in figures 15 and 16, respectively. We find that ∆τ 0.1 restricts the predicted y-type distortion to y 10 −8 (with the precise values depending on n B ).
Conclusions
Dissipation of the energy in magnetic fields into the plasma in the pre-decoupling era as well as that into the IGM in the post-decoupling era heats photons of the CMB, creating both yand µ-type distortions of the black-body spectrum of the CMB [25, 26] .
In the pre-decoupling era, fast magnetosonic waves damp at the photon diffusion scale, k γ , whereas slow magnetosonic waves and Alfvén waves damp at significantly a larger wavenumber, k γ /v A ≫ k γ [23, 24] . As a result, if the total energy is divided equally between fast and slow magnetosonic waves and Alfvén waves, dissipation of the energy in the fields is dominated by that of slow magnetosonic waves and Alfvén waves. Dissipation during the "µ-era," 5 × 10 4 z 2 × 10 6 , creates a µ-type distortion, and that after the µ-era creates a y-type distortion.
We find that the y-and µ-type distortions from the pre-decoupling era provide the same limits on the field strength for a scale-invariant power spectrum of the fields. However, the µ-type distortion provides stronger limits for non-scale-invariant spectra, n B −2.9, as a larger amount of energy is dissipated at higher redshifts for these spectra.
In the post-decoupling era, the MHD turbulence develops as radiative viscosity becomes negligible. Non-linear effects then lead to a decay of the MHD turbulence, leading to dissipation of the magnetic energy. Also, a separation of charged and neutral particles in the IGM by the Lorentz force induces a velocity difference between ionized and neutral components. The magnetic energy is then dissipated via ambipolar diffusion, as the velocity difference is damped by ion-neutral collisions. Both of these effects significantly alter the thermal and ionization history of the IGM in the post-decoupling era [26] , creating a y-type distortion.
We find that decaying MHD turbulence and ambipolar diffusion dominate at different epochs, with the former dominating at higher redshifts, e.g., z 100 for n B = −1.5. They have the opposite dependence on n B : the larger the n B is, the larger the effect of ambipolar diffusion becomes, and the smaller the effect of decaying MHD turbulence becomes. This makes the predicted temperature of the IGM relatively robust. For the present-day field strength of B 0 = 3 nG smoothed over k d,dec given by eq. (2.4) with cos θ = 1, we find that the IGM temperature can rise to ≈ 1000 to 2600 K at z 10 for all values of −2.9 ≤ n B ≤ 4. (However, the temperature does not increase much beyond this for larger field values, as electrons cool via inverse Compton scattering off the CMB photons.) Such a high temperature modifies the ionization state of the IGM via collisional ionization, yielding the ionization fraction of order 10 −3 at z 10.
The most significant finding in this paper is that a few nG field smoothed over k d,dec can easily produce y ≈ 10 −7 in the post-decoupling era. While y ≈ 10 −7 is small, it is well within sensitivity of the current technology, and a proposed experiment such as PIXIE would detect y ≈ 10 −7 at the 50-σ level [41] . Therefore, such an experiment will be a powerful probe of the existence of intergalactic (possibly primordial) magnetic fields.
On the other hand, early ionization of the IGM due to dissipation of fields can provide a substantial contribution to the optical depth to Thomson scattering [26] . Requiring the additional contribution not to exceed ∆τ ∼ 0.1 (which seems compatible with the current limits from the CMB temperature and polarization power spectra), we find that the predicted y-type distortion is restricted to y 10 −8 .
A challenge would be to distinguish the y-type distortion due to dissipation of fields from the other known contributions from virialized halos in z 5 via the thermal SunyaevZel'dovich effect, y tSZ ≈ 1.7 × 10 −6 [57] , and the reionization of the universe at 5 z 10, y reion ≈ 1.5 × 10 −7 . The thermal Sunyaev-Zel'dovich effect is correlated with the large-scale structure of the universe traced by galaxies and galaxy clusters, whereas the reionization signal is correlated with 21-cm lines from neutral hydrogen during the reionization epoch. These correlations may be used to distinguish between the sources of the post-decoupling y-type distortion.
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A Photon diffusion scale
Including polarization, the photon diffusion scale is given by [15] The baryon-to-photon density ratio, R, is given by R = 
